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Abstract
It is argued that the diffeomorphism on the horizontal sphere can
be regarded as a nontrivial asymptotic isometry of the Schwarzschild
black hole. We propose a new boundary condition of asymptotic met-
rics near the horizon and show that the condition admits the local
time-shift and diffeomorphism on the horizon as the asymptotic sym-
metry.
1 Introduction
Recently a possibility of nontrivial asymptotic isometry near the black
hole horizon has attracted much attention in the context of the microstate
counting problem [1, 2, 3]. As often discussed, the no-hair theorem appar-
ently teaches that the black hole has only three hairs; mass, angular momen-
tum and gauge charge. Meanwhile the black hole carries enormous amount
of entropy proportional to the horizon area divided by the Planck area, that
is, the Bekenstein-Hawking entropy. This discrepancy, the black hole en-
tropy problem, has annoyed a lot of theorists for long time. Among various
attempts for the problem, Carlip [2] advocated recently that by virtue of the
horizon structure, the “would-be gauge freedom” of general covariance sup-
plies physical states of the Kerr black holes in arbitrary dimensions. Those
states are considered as additional hairs contributing to the entropy. He
argued that the Kerr black holes enjoy Virasoro horizontal isometries with
non-vanishing central charge and the corresponding Bekenstein-Hawking en-
tropies can be reproduced by state-counting via the Cardy formula in the
two-dimensional conformal field theory. Unfortunately there are some short-
comings [4] in his analysis. Thus the complete resolution of the problem has
not yet been achieved. However his conceptual idea has stimulated many
people’s interest on the analysis of the horizontal isometry.
In this paper we propose a new horizontal isometry which was never
discussed so far. It is argued that the diffeomorphism on the horizon can
be regarded as a nontrivial asymptotic isometry of the Schwarzschild black
hole. Our boundary condition of the asymptotic metric is formulated in a
general framework. and show that the asymptotic condition admits the non-
vanishing charge of the diffeomorphism. This result may be significant to
resolve the entropy problem. The analysis is performed for the black hole in
four dimensions in this paper, but the generalization to the system in higher
dimensions is straightforward.
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2 Diffeomorphism on Horizon as Asymptotic
Isometry
In this section we propose a boundary condition of the asymptotic metrics
under which the diffeomorphism on the horizon can be regarded as a subgroup
of the asymptotic isometry. Let us start from the Schwarzschild metric in
four dimensions.
ds¯2 = −
(
1− r∗
r
)
dt2 +
dr2
1− r∗
r
+ r2
(
dθ2 + sin2 θdφ2
)
. (1)
Here r∗ denotes the radius of the horizon. Introducing the tortoise coordinate;
ρ = −(r − r∗)− r∗ ln
[
r − r∗
r∗
]
, (2)
the metric near horizon is expressed as
ds¯2 = e−
ρ
r∗
[
1− 2e− ρr∗ + · · ·
] (
−dt2 + dρ2
)
+r2∗
[
1 + 2e−
ρ
r∗ + · · ·
] (
dθ2 + sin2 θdφ2
)
. (3)
Here the horizon at r = r∗ is mapped into ρ = ∞. Note that the leading
term of the t− ρ part of eqn(3) coincides with the Rindler metric. Thus, as
known well, it shows a scaling behavior. Consider a scale transformation for
the metric in eqn(3):
t′ =
ǫ
r∗
t, (4)
ρ′ =
ǫ
r∗
[
ρ+ 2r∗ ln
(
ǫ
r∗
)]
, (5)
where ǫ is a constant. The transformation yields a similar asymptotic metric
in which ǫ appears as its length unit in the t− ρ part:
ds¯2 = e−
ρ
′
ǫ
[
1− 2
(
ǫ
r∗
)2
e−
ρ
′
ǫ + · · ·
]
(−dt′2 + dρ′2)
+r2∗
[
1 + 2
(
ǫ
r∗
)2
e−
ρ
′
ǫ + · · ·
] (
dθ2 + sin2 θdφ2
)
. (6)
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Now let us introduce the boundary condition of the asymptotic metrics which
approach the background in eqn(6) and discuss the asymptotic isometry. Our
philosophy to select the boundary condition is based on recent works [2, 3].
In the following argument we adopt ADM decomposition:
gαβ =
[ −N2 +NkNk Na
Nb hab
]
. (7)
Assume that the lapse and shift functions behave as
N = e−
ρ
2ǫ +O
(
e−
3ρ
2ǫ
)
, (8)
Nρ = O
(
e−
ρ
ǫ
)
, (9)
N θ = O
(
e−
ρ
ǫ
)
, (10)
Nφ = O
(
e−
ρ
ǫ
)
. (11)
Also assuming that ξµ = O(1), it is noticed due to eqns(8)∼(11) that the
leading term of the surface deformation vector is fixed and does not depend
on how the metric approaches the background as follows.
ξˆt = Nξt ∼ e− ρ2ǫ ξt, (12)
ξˆa = ξa +Naξt ∼ ξa. (13)
For the spatial components of the metric the following boundary conditions
are adopted.
hρρ = e
− ρ
ǫ +O
(
e−2
ρ
ǫ
)
, (14)
hρθ = O
(
e−2
ρ
ǫ
)
, (15)
hρφ = O
(
e−2
ρ
ǫ
)
, (16)
hθθ = O(1), (17)
hθφ = O(1), (18)
hφφ = O(1). (19)
Later we concentrate on the subset of those metrics which boundaries at ρ =
∞ are not any physical singular surfaces. Thus the curvatures of the metrics
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are finite on the boundary even though a part of the metric components
possess the superficial coordinate singularities:
|RµνλξRµνλξ(ρ =∞)| <∞, (20)
|RµνRµν(ρ =∞)| <∞, (21)
|R(ρ =∞)| <∞. (22)
It is worth noting here that the leading behavior of the metric in eqns (8)
∼ (11) and (14)∼(16) preserves the horizon structure even for the asymptotic
geometries, as long as the geometries are regular at ρ =∞. Introducing the
following global coordinates:
T = 2ǫe−
ρ
2ǫ sinh
(
t
2ǫ
)
, (23)
X = 2ǫe−
ρ
2ǫ cosh
(
t
2ǫ
)
, (24)
the metric is reexpressed as
ds2 = −dT 2 + dX2
+O(X − T )(dX + dT )dθ +O(X + T )(dX − dT )dφ
+O((X − T )2)(dX + dT )2
+O((X + T )(X − T ))(dX + dT )(dX − dT )
+O((X + T )2)(dX − dT )2
+O(1)dθ2 +O(1)dθdφ+O(1)dφ2. (25)
In this coordinate the boundary at ρ = ∞ is mapped into ±T = X > 0.
Clearly the fall-off condition in eqn(25) guarantees that worldlines with which
the boundary is completely covered:
T = X > 0 (or − T = X > 0), (26)
θ = const, (27)
φ = const (28)
are exactly null geodesics for every asymptotic metric. Therefore the hor-
izontal structure is really exposed, that is, any physical object across the
boundary (ρ =∞) cannot come back to the outside region (ρ <∞).
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Strictly speaking, we call the boundary “horizon” just in the sense of the
Rindler wedge. The wedge structure has often been argued to be very essen-
tial for the black hole thermodynamics from the early stage of investigation
on the Hawking radiation [5]. This is mainly because the thermal noise of
quantum fields appears in the wedge(Rindler) coordinates. We believe that
our boundary condition which involves the wedge structure is rather natural
to apply to the black hole entropy problem.
So far we have mentioned a horizontal interpretation of our boundary
in a rather geometrical way by introducing the boundary null geodesics.
If more coordinate-independent expression of our fall-off metric condition
near the horizon can be attained, it will help us understand more clearly
the geometrical meaning of the boundary condition. We think that it is a
significant open problem.
In our formulation we can analyze simultaneously the Schwarzschild black
holes with various radii larger than ǫ. By choosing the coordinates ade-
quately, the metrics of the black holes belong to the same class of asymptotic
equivalence. Also stress that the constant ǫ is able to be selected arbitrarily
in the classical gravity. For each value of ǫ, one can always span a coordinate
frame in which the leading terms of the metrics of the black holes with r∗ > ǫ
are given by eqn(6). If it is possible to observe the metric deviations near
the horizon, it may be useful for the analysis to fix the constant ǫ of order of
the device scale. On the other hand, in the microstate counting of the black
hole, it might be crucial to choose the Planck length for the constant ǫ.
The asymptotic behaviors of the inverse spatial metric is obtained straight-
forwardly from eqns (14) ∼(19) as follows.
[hab] =


e
ρ
ǫ +O (1) O
(
e−
ρ
ǫ
)
O
(
e−
ρ
ǫ
)
O
(
e−
ρ
ǫ
)
O (1) O (1)
O
(
e−
ρ
ǫ
)
O (1) O (1)

 . (29)
Note that the leading term of hρρ always coincides with the background term;
e
ρ
ǫ . The boundary conditions of the connections are also easily found using
eqns (14) ∼(29) .
Γ(3)ρρρ = O (1) , (30)
Γ(3)αρρ = O
(
e−2
ρ
ǫ
)
, (31)
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Γ(3)ραρ = O
(
e−
ρ
ǫ
)
, (32)
Γ
(3)ρ
αβ = O (1) , (33)
Γ
(3)α
ρβ = O
(
e−
ρ
ǫ
)
, (34)
Γ
(3)γ
αβ = O (1) , (35)
where α,β and γ take the angular indices θ and φ. Under the conditions in
eqns(8) ∼(11) and (14)∼(19), it is checked that the extrinsic curvature;
Kab =
1
2N
(Na|b +Nb|a − ∂thab) (36)
behaves near the horizon as
Kρρ = O
(
e−
3ρ
2ǫ
)
, (37)
Kρθ = O
(
e−
ρ
2ǫ
)
, (38)
Kρφ = O
(
e−
ρ
2ǫ
)
, (39)
Kθθ = O
(
e
ρ
2ǫ
)
, (40)
Kθφ = O
(
e
ρ
2ǫ
)
, (41)
Kφφ = O
(
e
ρ
2ǫ
)
. (42)
Here it has been assumed that ∂thab shows the same asymptotic behavior of
hab near the horizon, except hρρ. For the (ρρ) component, we assume from
eqn(14) that ∂thρρ = O
(
e−2
ρ
ǫ
)
holds. As usual, the canonical momentum
tensor is defined as
Πab =
√
h
16πG
[Khab −Kab], (43)
and behaves under the condition near the horizon as
Πρρ = O
(
e
ρ
ǫ
)
, (44)
Πρα = O (1) , (45)
Παβ = O (1) . (46)
It is quite significant to emphasize that the following transformation pos-
sesses the well-defined charges and can be regarded as a subgroup of the
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asymptotic isometry.
ξt = T (θ, φ) +O
(
e−
ρ
ǫ
)
, (47)
ξρ = 0, (48)
ξθ = V θ(θ, φ) +O
(
e−2
ρ
ǫ
)
, (49)
ξφ = V φ(θ, φ) +O
(
e−2
ρ
ǫ
)
, (50)
where T and V α are regular scalar and vector functions on the horizontal
sphere. The vector part V α consists of the the diffeomorphism on the sphere.
Let us examine the canonical charges explicitly. The canonical Hamilto-
nian and momentum densities are written down as
Ht = 16πG√
h
[
ΠabΠab − 1
2
Π2
]
−
√
h
16πG
R(3) +Hmattert , (51)
Ha = −2Πab|b +Hmattera . (52)
where G is the gravitational constant, R(3) is the scalar curvature of the
spatial section and Hmatterµ represents matter contribution of the model if it
exists. Then the bulk part of the canonical generator is expressed using eqns
(51) and (52) as
H [ξˆ] =
∫
d3x
[
ξˆtHt + ξˆaHa
]
. (53)
Taking variations of H with respect to hab and Π
ab yields
δH [ξˆ] =
∫
d3x
(
∂tΠ
abδhab − ∂thabδΠab
)
− δQ, (54)
where the equations of motion have been used to get the time derivative
terms and
δQ =
∫
dφdθ
[
1
16πG
√
h(hachbρ − habhcρ)(ξˆtδhab|c − ξˆt|cδhab)
+2ξˆaδΠρa − ξˆρΠabδhab
]
ρ=∞
. (55)
If δQ in eqn (55) can be integrated rigorously, the canonical charge of the sur-
face deformation is defined by Q =
∫
δQ. Interestingly, under the conditions
in eqns(12)∼(19) and (44)∼(46) it is proven that the integration of δQ for
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the transformation in eqns (47) ∼ (50) is really possible. The non-vanishing
contribution in the limit of ρ→∞ turns out to be just two terms as follows.
δQ =
∫
dφdθ
[
− 1
32πGǫ
√
det[hαβ ]ξ
thαβδhαβ + 2ξ
αδΠρα
]
ρ=∞
. (56)
Here α and β run just in the angular part θ and φ. Due to the relation:
δ
√
det[hαβ ] =
1
2
√
det[hαβ ]h
αβδhαβ, (57)
the integration results in
Q =
∫
dφdθ
[
− 1
16πGǫ
ξt
√
det[hαβ ] + 2ξ
αΠρα
]
ρ=∞
. (58)
Both two right-hand-side terms in eqn (58) can be shown finite under the
asymptotic conditions. Also we are able to rewrite the expression of Q by
use of the original surface deformation vector ξˆµ as follows.
Q =
∫
dφdθ
[ √
h
8πG
hρρ∂ρξˆ
t + 2ξˆαΠρα
]
ρ=∞
, (59)
where we have used the following asymptotic forms:
√
h ∼ e− ρ2ǫ
√
det[hαβ ],
hρρ ∼ e ρǫ ,
N ∼ e− ρ2ǫ .
In Appendix it is commented that the canonical charge in eqn (58) coincides
explicitly with the Noether charge of the transformation in eqns (47) ∼ (50).
In the next section we calculate the charges of black hole solutions and
analyze the representations.
3 Horizontal Charge of Black Hole Solutions
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In this section we evaluate the horizontal charges of the black hole solu-
tions. For convenience of later explanation, let us first introduce an angular
metric on a unit sphere as follows.
dΩ2 = σθθdθ
2 + 2σθφdθdφ+ σφφdφ
2
= dθ2 + sin2 θdφ2. (60)
In general it is possible to decompose the regular vector field V α in eqns(49)
and (50) into sum of a divergenceless (or area preserving) part and a rota-
tionless part as
V α = − 1√
σ
ǫαβ∇(2)β Ψ1(θ, φ) +∇(2)αΨ2(θ, φ), (61)
where Ψk is a regular scalar function on the sphere, ∇(2) is the covariant
derivative associated with the metric in eqn (60) and
ǫθφ = −ǫφθ = 1, (62)
ǫθθ = ǫφφ = 0, (63)√
σ = sin θ. (64)
Now we have three types of the generators of the transformations in eqns
(47) ∼(50); T , Ψ1 and Ψ2 and can expand them using the spherical harmonic
functions as follows.
T =
∑
lm
almYlm(θ, φ), (65)
Ψk =
∑
lm
b
(k)
lmYlm(θ, φ). (66)
Consequently all the independent generators of the symmetry can be listed
as
J
(t)
lm = Ylm∂t +O
(
e−
ρ
ǫ
)
, (67)
J
(1)
lm =
1
sin θ
(∂θYlm∂φ − ∂φYlm∂θ) +O
(
e−2
ρ
ǫ
)
, (68)
J
(2)
lm = ∂θYlm∂θ +
1
sin2 θ
∂φYlm∂φ +O
(
e−2
ρ
ǫ
)
, (69)
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where J (t) generates the local time-shift on the horizon. The charges J (1) and
J (2) generate the two-dimensional diffeomorphism on the sphere. In order to
analyze the commutation relations of the generators, it is useful to define
three structure coefficients Gl
′′m′′
lml′m′ , C
l′′m′′
lml′m′ and D
l′′m′′
lml′m′ as
YlmYl′m′ =
∑
Gl
′′m′′
lml′m′Yl′′m′′ , (70)
1
sin θ
(∂θYlm∂φYl′m′ − ∂φYlm∂θYl′m′) =
∑
C l
′′m′′
lml′m′Yl′′m′′ , (71)
∂θYlm∂θYl′m′ +
1
sin2 θ
∂φYlm∂φYl′m′ =
∑
Dl
′′m′′
lml′m′Yl′′m′′ . (72)
By definition the coefficients satisfy the following permutation relations.
Gl
′′m′′
l′m′lm = G
l′′m′′
lml′m′ , (73)
C l
′′m′′
l′m′lm = −C l
′′m′′
lml′m′ , (74)
Dl
′′m′′
l′m′lm = D
l′′m′′
lml′m′ . (75)
Also the following relations are easily proven from the definitions.
G00lml′m′ =
1√
4π
δll′δmm′ , (76)
C00lml′m′ = 0, (77)
D00lml′m′ =
l(l + 1)√
4π
δll′δmm′ . (78)
Then all the commutators can be expressed by use of the coefficients.
[J
(t)
lm , J
(t)
l′m′ ] = 0, (79)
[J
(1)
lm , J
(t)
l′m′ ] =
∑
C l
′′m′′
lml′m′J
(t)
l′′m′′ , (80)
[J
(2)
lm , J
(t)
l′m′ ] =
∑
Dl
′′m′′
lml′m′J
(t)
l′′m′′ , (81)
[J
(1)
lm , J
(1)
l′m′ ] =
∑
C l
′′m′′
lml′m′J
(1)
l′′m′′ , (82)
[J
(2)
lm , J
(2)
l′m′ ] =
∑
C l
′′m′′
lml′m′J
(1)
l′′m′′ , (83)
[J
(1)
lm , J
(2)
l′m′ ]
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=
∑
l′′ 6=0
[
Dl
′′m′′
lml′m′
l′(l′ + 1)− l′′(l′′ + 1)
l′′(l′′ + 1)
−Gl′′m′′lml′m′
l(l + 1)l′(l′ + 1)
l′′(l′′ + 1)
]
J
(1)
l′′m′′
+
∑
l′′ 6=0
C l
′′m′′
lml′m′
l′(l′ + 1)
l′′(l′′ + 1)
J
(2)
l′′m′′ . (84)
It is noticed here that the Cartan subalgebra of the symmetry consists of
J
(t)
lm . All of generators J
(1)
lm do not commute with J
(t)
l′m′ except when l = l
′ and
m = m′ (or l′ = 0 and m′ = 0). Also J
(2)
lm do not commute with J
(t)
l′m′ except
when l′ = 0 and m′ = 0.
Substituting eqns (47)∼ (50) and the black hole solution (eqn (6)) into
eqn (58) yields
Q[T, V α] = − r
2
∗
16πGǫ
∫
dφdθ sin θT (θ, φ). (85)
Therefore, using the decomposition in eqns(65) and (66), we get each com-
ponent of the charges as follows.
Q
(t)
00 = −
√
4πr2∗
16πGǫ
, (86)
Q
(t)
lm = 0, (l ≥ 1) (87)
Q
(1)
lm = 0, (88)
Q
(2)
lm = 0. (89)
It is also possible to verify that when the background is infinitesimally trans-
formed by T1 and V
α
1 , the charge Q2 = Q[T2, V
α
2 ] changes in the usual way
and any anomalous term like central extension is not needed:
δ1Q2 =
r2∗
16πGǫ
∫
dφdθ sin θ [V α1 ∂αT2 − V α2 ∂αT1] . (90)
It is easy to construct the irreducible representation of the symmetry for
the metrics of the black hole solutions with radius r∗. The transformation of
the background in eqn (6) by
t′ = t + P (θ, φ) +O
(
e−
ρ
ǫ
)
, (91)
ρ′ = ρ, (92)
θ′ = F (θ, φ) +O
(
e−2
ρ
ǫ
)
, (93)
φ′ = G(θ, φ) +O
(
e−2
ρ
ǫ
)
(94)
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yields all of the asymptotic metrics in the representation. Here the regular
function P is an arbitrary local time-shift on the horizontal sphere. The
functions F and G define an arbitrary regular coordinate transformation on
the sphere. It turns out that any asymptotic metric in the representation
takes the following form.
ds2 = e−
ρ
ǫ (−dt2 + dρ2)
−2e− ρǫ [∂θPdθ + ∂φPdφ] dt
+r2∗
[
(∂θF )
2 + sin2 F (∂θG)
2
]
dθ2
+2r2∗
[
∂θF∂φF + sin
2 F∂θG∂φG
]
dθdφ
+r2∗
[
(∂φF )
2 + sin2 F (∂φG)
2
]
dφ2
+... (95)
where + · · · denotes terms which do not contribute to the charges of the
symmetry. For the metric in eqn (95), the charges are evaluated as
Q[T, V α] = − r
2
∗
16πGǫ
∫
dφdθ sinF [∂θF∂φG− ∂φF∂θG] (T + V α∂αP ) (96)
and the representation has been really proven to be non-singlet.
From the viewpoint of the black hole thermodynamics, asymptotic states
which charges of the Cartan subalgebra take the same values of the back-
ground may be worth analyzing in detail. This is because degeneracy of the
eigenstates may supply “hair degrees of freedom” which contributes to the
Bekenstein-Hawking entropy, as many people have already pointed out [2, 3].
However, opposed to the attempts with central extended Virasoro symme-
tries, it seems fairly difficult to perform microstate counting because of a lack
of clear understanding of the quantum gravity. Thus let us just comment on
the classical charges probably corresponding to the coherent states of the
Cartan subalgebra. It can be noticed that the metrics in eqn(95) which Q
(t)
lm
are given by eqns(86) and (87) must satisfy
sinF [∂θF∂φG− ∂φF∂θG] = sin θ, (97)
that is, F and G in eqns(93) and (94) must generate the area-preserving
diffeomorphism on the sphere. The diffeomorphism charges of the metrics
satisfying eqn(97) are evaluated as follows.
Q
(1)
lm = 0, (98)
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Q
(2)
lm = −
r2∗
16πGǫ
l(l + 1)
∫
dθdφ sin θYlm(θ, φ)P (θ, φ). (99)
Thus the divergenceless (area-preserving) part of the charges vanishes and
only the rotationless part is nontrivial.
4 Summary
In this paper it has been reported that the general coordinate transfor-
mation on the horizon in eqns (47)∼ (50) must be treated as not a gauge
freedom but a subgroup of the asymptotic isometry. Firstly, taking account
of the near-horizon form of the Schwarzschild solution in eqn(6), we have pro-
posed a rather general condition of the asymptotic metrics in eqns (8)∼(11)
and (14)∼(19). Then it has been proven that the non-vanishing charge of
the symmetry really appears, as seen in eqn(96). Therefore we conclude that
the “would-be gauge freedom” in eqns (47)∼(50) cannot be gauged away and
thus might be relevant for the black hole entropy counting.
APPENDIX
In this appendix we show explicitly that the canonical charge Q in eqn
(58) is really the Noether charge for the transformation in eqns (47) ∼ (50).
Let us first consider the covariant Lagrangian density for a scalar matter field
as an example and the gravity as follows.
√−gLo =
√−g
16πG
R +
√−gLmatter(φ, ∂φ, gαβ), (100)
where Lmatter denotes the contribution of the scalar field. The equations of
13
motion simply read
∂
√−gLo
∂gαβ
− ∂µ∂
√−gLo
∂∂µgαβ
+ ∂µ∂ν
∂
√−gLo
∂∂µ∂νgαβ
= 0, (101)
∂
√−gLo
∂φ
− ∂µ∂
√−gLo
∂∂µφ
= 0. (102)
Next let us discuss the Lie derivative with respect to a vector field ξµ. The
Lie derivatives of the metric and the scalar field are given as
δξgαβ = ∇αξβ +∇βξα, (103)
δξφ = ξ
α∇αφ. (104)
Covariance of the Lagrangian density makes its Lie derivative form simple as
δξ(
√−gLo) = ∂µ
(
ξµ
√−gLo
)
. (105)
By virtue of the Noether theorem, it is known that the equation of motion
ensures the existence of conserved current :
∂µJ¯
µ = 0, (106)
where the current is defined as
J¯µ =
[
∂
√−gLo
∂∂µgαβ
− ∂ν ∂
√−gLo
∂∂µ∂νgαβ
]
δξgαβ +
∂
√−gLo
∂∂µ∂νgαβ
∂νδξgαβ − ξµ
√−gLo
+
∂
√−gLo
∂∂µφ
δξφ. (107)
The spatial volume integration of J¯0 gives the Noether charge of general
covariance of the Lagrangian density.
To incorporate the canonical Regge-Teitelboim action:∫
d4x
√−gL =
∫
d4x
[
Πab∂thab −NHt −NaHa +
√−gLmatter
]
−
∫
dtQ[ξt = 1, ξa = 0] (108)
into the consideration, we next subtract a total derivative term from the
Lagrangian density as follows.
√−gL = √−gLo − ∂µDµ(gαβ, ∂γgαβ). (109)
14
where Dµ in the derivative term is fixed for the horizontal boundary as
D0 = −
√
h
8πG
K, (110)
Dρ =
√
h
8πG
[
KρbNb −N |ρ
]
− 1
16πGǫ
√
det[hαβ ], (111)
Dα =
√
h
8πG
[
KαbNb −N |α
]
. (112)
In this case the Lie derivative of the Lagrangian density is modified by the
total divergent term as
δξ
√−gL = ∂µΛµ (113)
where
Λµ = ξµ
√−gL+ ξµ∂νDν − δξDµ. (114)
and eqn (113) yields a new current conservation law as follows.
∂µJ
µ = 0, (115)
where the current is re-defined as
Jµ =
[
∂
√−gL
∂∂µgαβ
− ∂ν ∂
√−gL
∂∂µ∂νgαβ
]
δξgαβ +
∂
√−gL
∂∂µ∂νgαβ
∂νδξgαβ − Λµ
+
∂
√−gL
∂∂µφ
δξφ. (116)
Let us define coefficients Bµν ,C
µα
ν and F
µαβ
ν as
Jµ = Bµν ξ
ν + Cµαν ∂αξ
ν + F µαβν ∂α∂βξ
ν. (117)
Then the Noether theorem tells that the following four relations must hold
simultaneously.
∂µB
µ
ν = 0, (118)
Bµν + ∂αC
αµ
ν = 0, (119)
1
2
(
Cαβν + C
βα
ν
)
+ ∂µF
µαβ
ν = 0, (120)
F αβγν + F
βγα
ν + F
γαβ
ν = 0. (121)
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Using the above relations, the charge density J0 can be reexpressed by a
spatial total derivative term as follows.
J0 = ∂a
[
∂0
(
F a00µ ξ
µ
)
− Ca0µ ξµ − 2F a0νµ ∂νξµ
]
. (122)
Substituting the asymptotic conditions (12)∼(19) and (44)∼(46), it can be
shown that the Noether charge really equals to the canonical charge Q as
follows.
QNoether =
∫
dρdθdφJ0
= −
∫
dθdφ
[
C
ρ0
0 ξ
t + Cρ0α ξ
α
]
ρ=∞
=
∫
dθdφ
[
− 1
16πGǫ
ξt
√
det[hαβ ] + 2ξ
αΠρα
]
ρ=∞
= Q[ξ]. (123)
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